We develop a theory of thermal transport in nanoscale-layered structures based on wave processes. The theory incorporates two fundamental principles, first, that the spectra of thermally excited waves are determined by the temperature differential and the heat flux, and second, that the wave fields in the heat exchanging domains are coupled. The developed method includes classical theories as special cases that are valid in larger scales, and it naturally explains such phenomena as interface thermal resistance (Kapitsa resistance) and thermal rectification (asymmetry of thermal transport). Numerical examples demonstrate the feasibility of the approach, and they show good agreement with measurements of Kapitsa resistance reported in the literature.
Introduction
By the mid-1800s, it was convincingly established that material objects had an internal energy, usually referred to as thermal energy. According to the atomistic theory of mater, the thermal energy consists of the energy of all kinds of motion, i.e. translational, vibrational, rotational or any other, of atoms and subatomic particles. Heat is defined as the flow of thermal energy and heat flux is the net amount of thermal energy crossing a unit area perpendicular to the direction of the flow in a unit of time. There are three generally accepted means of heat transfer: convection, radiation and conduction, each of which is governed by its own laws. Thus, convection is the form of heat transfer accompanied by a mass transfer. Radiation is the transfer of thermal energy by long-range interactions through electromagnetic waves. Thermal conduction is the transfer of internal energy by A particle-like wave packet. A wave-packet appears as a particle of the size l, which is much larger than the dominant wavelength λ. Such quasi-particles form a 'gas' whose dynamics can be described by the diffusion/heat equation.
short-range interactions of atoms and subatomic particles that is not accompanied by a macroscopic mass transfer.
Heat conduction is observed in most materials, and it was satisfactorily described by the phenomenological Fourier Law proposed in 1812 [1] , even before the nature of thermal energy was fully understood. This law states that the heat flux Q is proportional to the gradient of the temperature field, as described by the constitutive relation Q = −κ∇T, where κ ≥ 0 is a material parameter referred to as the thermal conductivity. The Fourier Law implies that the time evolution of the temperature distribution in a spacial domain is governed by the heat/diffusion equation
where κ is thermal conductivity, α is the 'thermal diffusivity', ρ is the mass density and c p is the specific heat of the material. The theory of heat conduction based on the Fourier Law reduces to boundary-initial value problems for the heat equation (1.1), which, in many cases, can be addressed by the Fourier method, the development of which constitutes the bulk of [1] . The theory of heat conduction has been verified by almost 200 years of experience, however, so far, the Fourier Law has been derived from basic principles of physics only in special cases in which the heat is carried by the diffusion of some randomly moving particles that interact with each other by collisions. In gases, heat is carried by molecules, which can be modelled by ångström-sized particles performing random Brownian motions [2, 3] . Such motion is described by the diffusion equation [4] , which is identical to the heat equation (1.1) and leads to the Fourier Law. In conducting solids, heat is carried by free electrons performing the random motion that is also described by the diffusion/heat equation, leading to the Fourier Law. In dielectric solids, there are no freely moving particles whose collection may be treated as a gas. In such materials, atoms oscillate around their equilibrium positions, but due to short-range interactions the oscillations of individual atoms are correlated and constitute mechanical waves propagating in the solid. These waves have a broad range of frequencies and form a wave field that can be represented as a superposition of many waves with different frequencies, wavelengths, directions of propagation and phase shifts. Such fields admit alternative 'wave-packet' representations [5] , as collections of special polychromatic waves localized in space, as illustrated in figure 1 . Then, the collection of these wave-packets can be treated as a gas of quasi-particles, often called 'phonons', whose dynamics can be described by the diffusion equation, leading to the Fourier Law of heat transfer.
However, the kinetic theory of gases leads to the diffusion equation only when the size of the particles or quasi-particles performing such random motions can be neglected compared to the resolution of the coordinate scale or relevant dimensions of the material structure. This, obviously, sets limitations on the applicability of the theory of heat conduction in nanoscale systems based on the heat equation (1.1) and Fourier Law.
Since the size of molecules is only a few ångströms the heat conduction may not be expected to follow the Fourier Law and the heat equation for distances smaller than, at least, several nanometres. To estimate the applicability of the Fourier Law to heat conduction in dielectric solids by phonons, we observe that the wavelengths of thermally excited vibrations of a molecular lattice in solids at room temperature are of the order of a couple of nanometres. On the other hand, the size of a wave packet is always considerably larger that the dominant wavelength of the underlying waves. Therefore, wave packets formed by thermally excited molecular vibrations have the size of the order of around 10 nm and higher, so that the diffusion of such quasi-particles can be considered only over distances greater than several tens of nanometres. This estimate agrees well with numerous experimental reports that heat transfer in nanostructures starts deviating from the Fourier Law when one of the structural dimensions falls below 100 nm, [6] .
The above implies that in order to study energy transport by phonons, i.e. by waves of molecular vibrations, over distances smaller than several tens of nanometres, it is necessary to consider the wave properties of phonons instead of considering them as quasi-particles whose random motion leads to the Fourier Law. In particular, the wave properties of phonons must be considered in the analysis of heat transport by phonons across interfaces or thin layers between homogeneous bulk bodies, as well as across nanometre scale gaps and layers.
Here, we develop a theory of nanoscale heat transport by phonons, which are essentially mechanical waves propagating in matter. This theory follows the idea of the 'acoustic mismatch' method proposed in the early 1950s [7] , but two of its basic assumptions are handled differently. First, the spectral distributions of thermally excited phonons in the media are described here in terms of a generalization of Planck's Law to systems with a non-vanishing heat flux [8] , which reduces the inaccuracies caused by the application of the equilibrium distributions to non-equilibrium systems. Another distinctive feature of the proposed method is that thermally excited phonons in different media cross over into each other to form wave fields defined in the entire structure. This requirement applies certain restrictions on the spectral distributions of thermally excited phonons in different domains, which are eventually converted into the equations connecting the heat flux and the temperatures of the media.
The modifications of the acoustic mismatch method were needed because, despite a sound explanation of the mechanism of interface thermal resistance, known also as Kapitsa resistance, [9] , its quantitative predictions of the heat transport coefficient were not accurate, exceeding experimental data up to two orders of magnitude. We are pleased to report that the method developed here provides predictions that agree with experimental data, both quantitatively and qualitatively.
Classical physics provides a macroscopic description of heat transport phenomena which are governed by microscopic processes. Thus, in the theory of heat conduction in gases the net result of diffusion of gas molecules is described in terms of the heat equation for continuous functions that ignore the discrete nature of gases. However, recent technological advances have made it feasible to model heat transport phenomena by atomistic numerical simulations that range from molecular dynamics to solution of the Boltzmann transport equation based on forces between particles calculated from first principles [10] [11] [12] [13] [14] [15] . Such methods are efficient and convenient because they uniformly address a wide range of problems including those emulating realistically irregular structures. However, our study follows a tradition of macroscopic descriptions of heat transport problems. In particular, the heat transport by microscopic waves is described in terms of the propagation bands of the ensembles of such waves. This provides a qualitative view of heat transport by phonons and opens a way to extend the analysis to other cases when it is necessary to take into account the wave nature of heat carriers, such as in thermal radiation across nanoscale gaps, for example.
In §2, thermally exited phonons in different media are described separately from each other. In § §3 and 4, we formulate and analyse the conditions that are necessary and sufficient for the phonons in different media to be parts of a wave field in the entire structure. Then, in §5 the results are simplified to the case of a small temperature differential and are used to estimate the Kapitsa thermal resistance. The results are shown to be in good agreement with experimental data, and they also demonstrate the phenomenon of thermal rectification, which is the dependence of the heat transport coefficient on the direction of the heat flux. 
Thermally excited waves in two homogeneous isotropic domains separated by thin layers
Consider two homogeneous, isotropic media A and B occupying two plates of sufficient thickness, located in the domains x < 0 and x > H, respectively (figure 2). Thermal processes in A and B excite in these media random acoustic fields (phonons 
where T D,ν are the Debye temperatures of the media, considered as material parameters. Let the media A and B have the Debye wave speeds c A and c B , densities ρ A and ρ B , and temperatures T A and T B . We assume that the domain 0 < x < H is filled with a stack of layers that provide a lossless linear relationship between the oscillations in the media A and B that can be described in terms of the reflection and transmission coefficients, [18, 19] .
The wave fields in A and B can be described in terms of the pressures U ± A and U ± A represented as real parts of the complex-valued plane waves
where u ± ν are amplitudes, and θ ν , φ ν are the spherical angles restricted to the intervals
This range of the incidence angles θ ν prevents overlaps of the directions of propagation of the waves (2.2) with different superscripts. Thus, the waves U + ν and U − ν propagate in the directions of increasing and decreasing x, respectively.
Since we are interested in problems related to the heat flux between A and B we limit our attention to the waves (2.2) that are capable of carrying energy between these domains. It is easy to see that this set includes only waves with specific combinations of the frequencies and the incidence angles. Thus, the frequencies of waves that carry heat between the plates are bounded from the top by the smaller of the Debye frequencies of the media A and B, so that
Similarly, the directions of propagation of such waves are limited by the phenomenon of full internal reflection, which implies that the incidence angles θ ν of waves in the νth domain that carry energy to the opposite domain are restricted to the intervals [0, Θ ν ], where
The above implies that the set I ν of pairs (ω, θ ν ) of the frequency and the incidence angle of the waves in the νth medium that contribute to heat transport between the plates a priori cannot exceed the set
which characterizes all possible waves that can propagate in the structure. Moreover, as will be shown below, in most cases the inclusion I ν ⊂ I * ν is strict. If the temperatures of the two media are equal, then there is no heat flux between them. However, if T B = T A , then there is a net flux Q of heat between A and B. There may be several mechanisms of heat transport between A and B, in which case each mechanism contributes to the total rate of heat transport. This study focuses on the heat transport by phonons. To compute the contribution of thermally excited waves to the heat transport, we study the relationship between the heat flux Q carried by the waves and the temperatures T A and T B of the plates.
If the media are in thermal equilibrium, then the statistical properties of the thermally excited waves are described by the classical Planck Law [16, 20] , and there is no net heat flux between A and B. If there is a net energy flux Q along the x-axis, then the spectra of these waves are described by the generalization of Planck's Law to systems with a heat flux [8] . The latter states that thermally excited waves in the νth medium of N = 3 polarizations with frequencies and incidence angles from the narrow intervals (ω, ω + dω) and (θ ν , θ ν + dθ ν ) have the energy densities
where
is the average energy of the oscillators at frequency ω in equilibrium at temperature T, 8) and the factors q ν = q ν (T ν , Q) are determined from the equations
which follow from definitions (2.6) of dE ± ν . If q ν 1 is small, the last integrals can be simplified by Taylor approximations to yield
Using integration by parts with respect to ω, we can convert the last expressions to the form Q ν = c ν E ν , where E ν is the energy density in the νth domain. Then, Q ν = c ν E ν is identified with the maximal energy flux that may be carried by the ensemble of waves when all of them travel in one direction. Correspondingly, q ν from (2.10) has the meaning of the relative heat flux defined as the ratio of the actual flux Q to the maximal possible flux Q ν . It is worth observing that both the full equation (2.9) and its first-order approximation (2.10) are symmetric with respect to simultaneous transformations Q → −Q and q ν → −q ν , which means that if the heat flux Q reverses its direction then the 'relative fluxes' q ν also change their directions. Since p(ω, T) is a monotonically decreasing function of ω, we see that if I ν is constant, then q ν vanishes as Q = 0 and monotonically increases as Q increases. At the same time, if the domain I ν increases and Q is constant, then Q ν increases but q ν decreases. The last observation can be considered the other way around, as a statement that when the domain I ν increases and the relative flux q ν is constant, then the absolute flux Q increases. It will be shown below, that this property crucially affects the rate of heat transport between bodies with highly contrasting wave properties, which is a typical set-up for observation of the interfacial 'Kapitsa' thermal resistance.
Another important property of the energy spectrum (2.6) is that the distortion of its distribution in the ν-medium is determined by q ν from (2.9) which is related through (2.9) or (2.10) to the flux Q, the temperature T ν and the wave speed c ν of the medium. This means that although the fluxes in A and B have the same value Q, the directional patterns of the fluxes in these bodies are different and will not interchange even if the temperatures of the bodies are interchanged together with the reversal of the direction of the flux Q. As shown below, this property is largely responsible for the phenomenon of thermal rectification, which is the dependence of the heat transport coefficient on the direction of the net flux.
Formulae (2.6)-(2.9) describe averaged characteristics of thermally excited waves. However, thermal energy is carried by individual waves whose propagations through the media are governed by specific laws, which are unrelated to the thermal processes but may apply certain restrictions on them. Therefore, in order to study heat transport between A and B by thermally excited fields we model them by statistical ensembles of plane waves (2.2) with random parameters whose statistical distributions provide the spectra (2.6).
It is well known [18, 19] that a wave (2.2) in a medium with density ρ ν and sound speed c ν has the energy density E ν = |u ± ν | 2 /2c 2 ν ρ ν . Then, assuming that the energy density in the left-hand side of this formula is represented by (2.6) we derive that the wave (2.2) with
has the energy density dE ± A from (2.6), where dΩ is considered as a finite factor defined by (2.8) with finite increments dω and dθ A . Then, assuming that ω and θ A are restricted to the grids
we see that the set of waves u ± A (ω, θ A ; α ± ) with random α ± and random ω, θ A uniformly distributed on their grids have the average energy density spectra (2.6), which makes it possible to treat these sets as ensembles of thermally excited waves in A propagating in the direction x → ±∞. Similarly, the ensemble of waves propagating in B can be modelled as sets of waves (2.2) with
where ω and θ B are random parameters uniformly distributed on the grids {0,
, and β ± are random phase shifts. 
Relationships between thermally excited wave fields in the different media
where R and α R are the absolute value and the phase of the reflection coefficient from A back to A. In the case of direct contact between A and B, the reflection coefficient has the value [18] 
where θ B is related to θ A by the Snell Law,
Similarly, the wave U − B (ω, θ B ) propagating in B towards A is partially transmitted to A. The transmitted wave is represented by formula (2.2) for U − A (ω, θ A ) with the incidence angle θ A related to θ B by (3.3) , and with the amplitude
where W and α W are the absolute value and the phase of the transmission coefficient from B to A, which is related to R by the identity
The above equation shows that the ensemble of waves propagating in A outward from B can be considered from two points of view: as an ensemble of waves U (3.4) . Therefore, in order for these two representations of the same ensemble to coincide, every amplitude u Taking into account (2.12)-(3.4), we write (3.6) in a more explicit form
where η − and χ − are indefinite phases, while dΩ ν are considered as finite numbers defined by (2.8) with small increments dω and dθ ν . Then, using (2.8), (3.3) and (3.5) we get the identity 8) and reduce (3.7) to the form
which does not involve 'differential-like' small quantities dΩ ν , and thus does not need to be restricted to discrete sets of frequencies and incidence angles. Equation (3.9) is obtained by the comparison of two different representations of thermally excited waves propagating in A in the direction outwards of B. Obviously, the reasoning used to derive this equation is transferrable to the analysis of the waves propagating in the domain B outward of A, resulting in the equation
obtained by the interchanges of T A ↔ T B and q A ↔ −q B accompanied by the replacement of phases η − and χ − by independent η + and χ + . The transition from (3.9) to (3.10) also includes the replacement of the reflection coefficient R(ω, θ A ) from A to A by the reflection coefficient R B→B (ω, θ B ) from B to B, which is known to coincide with R(ω, θ A ), as is obvious from (3.2) in the special case of a simple interface. Observing that equations (3.9) and (3.10) have the form X + Y e iη = Z e iχ , we conclude that (3.9) and (3.10) can be satisfied if and only if the pair (ω, θ A ) belongs to the set I A ≡ I A (Q, T A , T B ) defined by the inequalities
while ω D and Θ A are defined as in (2.5).
The above implies that the q A and q B involved in (3.11) should be computed from equations (2.9), which admit explicit representations 3.14) and 11) and (3.14) , (3.15) by the algorithm outlined below.
Assume first that both temperatures T A and T B are known. If q A and q B take arbitrary values, the integrals in the left-hand sides of (3.14) and (3.15) are not equal, as they are required to be since the right-hand sides of (3.14) and (3.15) are the same. So, the first task is to make these integrals equal. Let q A be a fixed constant and let q B vary. Then inequalities (3.11) define the set I A as a function of q B . Correspondingly, the integrals (3.14) and (3.15) also become functions of q B , and we can find q B = q * B (q A ) for which the left-hand sides of (3.14) and (3.15) take the same value Q = Q(q A ), which depends on q A . Therefore, applying this procedure for all q A we get the interval of admissible heat fluxes that are compatible with the temperatures T A and T B . This means that a statistical ensemble of wave fields excited in the structure with fixed temperatures is determined by the principle of maximal entropy, which reduces to the weighted averaging of possible fluxes. If T A = T B , then the interval Q min < Q < Q max is symmetric with respect to Q = 0, and the ensemble-average flux vanishes. However, if T A = T B then this interval is shifted one way or the other and the ensemble-average flux takes a finite value. If the temperature differential T = T B − T A is small, then, in the first-order approximation, the shift of admissible heat fluxes is proportional to T, which implies that the average flux Q is estimated as Q ∼ k T, where k has the meaning of the heat transport coefficient.
In a different case when T A and Q are known the other temperature T B can be found by a slight modification of the previous algorithm.
Let T B be considered as a fixed constant, while q A and q B are considered as variable parameters. Then inequalities (3.11) define a set I A of frequency-angle pairs (ω, θ A ) whose substitution into (3.14) and (3.15) results in two equations Q A (q A , q B ; T B ) = and Q B (q A , q B ; T B ) = Q with two variables q A and q B . These equations may not be compatible for arbitrary T B . Instead they are compatible for T B from some interval T A + T min < T B < T A + T max , which means that a statistical ensemble of wave fields in the structure with the fixed temperature T A and the net flux Q includes fields with a fluctuating temperature T B . In the equilibrium case Q = 0, this interval is symmetric with respect to T A and the average temperature of the domain B coincides with T A . However, as Q shifts from zero, the set of admissible temperatures of the domain B also shifts and the average temperature T B of this domain deviates from T A .
Analysis of the equations and inequalities
As the first test of the obtained solution, we verify that it leads to correct results in extreme structures with the vanishing or absolute reflection of heat-carrying waves, i.e. when R = 0 or R = 1.
If R = 0, as is the case when media A and B are the same and H = 0, then (3.11) reduces to the equation imaginary interface in a homogeneous space, or, equivalently, that an imaginary interface in a homogeneous medium has an infinite heat transport coefficient. This conclusion has important practical consequences, because it implies that the heat transport coefficient between identical materials separated by a thin layer of thickness H → 0 inevitably diverges at the rate ∼ 1/R 2 (H), where R(H) is the reflection coefficient of the layer. In particular, if heat is carried by waves, then the heat transport coefficient between identical materials separated by a narrow layer of the width H must diverge as ∼ 1/H 2 because the reflection coefficient of such layer typically vanishes proportionally to H.
diagram of F (q) = P(w, T)
In the case when R = 1, meaning that there is total reflection, we get from (3.11) the equation
which does not set any restrictions on the temperatures T A and T B , but implies that q A = 0 so that Q = 0, as is obvious from (3.14) and (3.15). This conclusion agrees with our expectation because a total reflection means that the fields in the domains A and B do not interact with each other and, thus, the temperatures in these domains are independent of each other. In general cases, when neither R ≡ 0 nor R ≡ 1 the problem (3.11), (3.14), (3.15) needs to be solved numerically, for example, by the algorithm outlined at the end of §3. Assuming that the temperature T A and the heat flux Q are fixed, this problem can be viewed as the computation of the other temperature T B for which the set I(T A , T B , q A , q B ) of frequency-angle pairs (ω, θ A ) satisfies equations (3.14) and (3.15) . This point of view suggests that understanding the inequalities (3.11) is the key to its solution.
For any fixed frequency ω, the function of the angle θ
defines a directional diagram whose shape is determined by the parameters T and q. Thus, if q = 0 then Φ(θ ; T, q) is independent of θ and its diagram has a circular shape, whose radius is a monotonically increasing function of T, as shown in figure 4a . However, as q departs from the equilibrium value q = 0, the shapes of the diagrams of Φ(θ; T, q) change, as shown in figure 4b . Thus, the end point at θ = π/2 does not move, but the other points move closer to the centre as q increases and move further from the centre as q decreases. In light of the information about the diagrams of Φ(θ; T, q), we re-consider the limiting cases with R = 0 and R = 1. If R = 0, then from (3.11) it follows that the diagrams of Φ(θ; T A , q A ) and Φ(θ; T B , q B ) coincide. Therefore, since the positions of these diagrams at θ = π/2 are determined solely by T A and T B , the coincidence of the diagrams is possible only when T A = T B . Then, since the distortion of the diagrams is determined by the relative heat fluxes q A and q B , the diagrams coincide if and only if If R = 1, then the diagram of the middle part of the first line of (3.11) collapses to a single point at the centre of coordinates, as shown in figure 5 . As for the diagrams of F + (. . . , θ A ) and F − (. . . , θ A ) they determine an area, similar to that shaded in figure 5 . Then, the first inequality from (3.11) can be satisfied only at θ A = π/2 unless the diagram of F − (. . . , θ A ) also collapses to a single point at the centre of coordinates, which is possible only if q B = 0. Then, (2.9) implies that Q = 0 regardless of the values of T A and T B .
If neither R = 0 nor R = 1, then the inequalities (3.11) are affected by the dependence of the reflection coefficient R(ω, θ A ) on the angle θ A , which is determined by the structure between A and B. In the case of direct contact between A and B the reflection coefficient typically has a single zero at some special angle θ A , determined by the material parameters of the two domains. If the gap between A and B is filled by layers, then R(ω, θ A ) may vanish at several incidence angles, but in any case R(ω, θ A ) ≤ 1 for any angle and R(ω, π/2) = 1.
For definiteness, here we limit the illustrations to the case of direct contact between A and B, when R(ω, θ A ) has a diagram with a single root, as shown in figure 6 .
Assume for definiteness, that T A > T B , and that the heat-carrying waves in A propagate faster than in B. Then the incidence angle θ A varies in the interval 0 ≤ θ A ≤ π/2, and the directional diagrams of the functions p(ω[1 ± q A cos θ A ], T A ) and p(ω[1 ± q B cos θ B ], T B ) appear as shown in figure 7 . The thin dotted lines on these figures correspond to the equilibrium case, when q A = q B = 0. The solid lines correspond to the cases with a non-vanishing heat flux. Since we assume that the wave speed in A is greater than in B, the solid lines corresponding to A are less distorted than the solid lines corresponding to B.
Next we combine the functions shown in figure 7 with the reflection coefficients from figure 6 and obtain the diagrams in figure 8 illustrating the inequalities (3.11) , with the left and the right subfigures corresponding to the first and the second lines of (3.11), respectively. The shaded domains in figure 8 are bounded from the top by the diagrams of the right sides of (3.11). At θ A = π/2 these lines touch the dotted circles with the radii 2p(ω, θ A ) and 2p(ω, θ B ). The bottom boundaries of the shaded domains coincide with the diagrams of the left sides of (3.11). Since R(ω, π/2) ≡ 1, these lines end at the centre of coordinates at θ A = π/2. The upper and the lower boundaries of the shaded domains touch each other at the angles θ A at which the reflection coefficient vanishes. Since we limit the illustrations to the cases with one root of the reflection coefficient, the shadowed domains in figure 8 have only single degenerate points.
The bold dashed lines in figure 8 show the diagrams of the middle parts of the inequalities (3.11), which means that inequalities (3.11) with the considered frequency ω are satisfied for only those θ A for which the dashed lines on both parts of figure 8 are located in the shaded zones. Taking into account that R(ω, π/2) = 1, these lines approach the centre of coordinates as θ A → π/2, but whether the trajectories of the approaches are located inside or outside the shaded domains depends on the particular combinations of the values of ω, T A , T B and Q.
Since I A (Q, T A , T A ) is defined as the set of pairs (ω, θ A ) that obey both inequalities from (3.11), for every particular ω it includes all angles θ A for which the dashed lines are located in the shadowed areas on both parts of figure 8 corresponding to this ω. This graphical illustration shows that the computation of the domain of integration I A (Q, T A , T B ) is feasible, and so the entire algorithm outlined at the end of §3 can be implemented. 
Special case with small heat flux
The above analysis does not incorporate any assumptions about the values of the heat flux Q and the thermal differential T = T B − T A . This makes it possible to use a single unified algorithm to compute the heat flux caused by any admissible temperature differential, but, on the other hand, this generality makes it harder to observe specific features of heat transport across nanoscale structures, such as the phenomenon of asymmetric heat transport in different directions, known as thermal rectification [21, 22] . In the case of small heat flux Q and small T certain simplifications result in the computations.
Let T = (T A + T B )/2 be the mean temperature, so that
and let the flux be considered as a function Q = Q(T, T) of the mean temperature and the temperature differential. If Q 1, then equations (2.9) admit explicit first-order approximate solutions
are the first-order approximations of the integrals (2.11) computed over the domain I * A from (2.5) which is independent of Q and T.
If q A and q B defined by (5.2) are also small, we can apply Taylor expansions to get
and
with the arguments ω and T suppressed for brevity. Then, the first-order approximations of inequalities (3.11) reduce to the form
As discussed in §4, inequalities (3.11) and their simplified version (5.6)-(5.9) define the set I A (Q, T − 
The similarity of mathematical models suggests that there may be similarities between heat transport in layered structures by waves and the electric conductance across material junctions. In particular, it suggests that the heat transport across layered structures may be asymmetric, as is the case with electric transport in solid-state junction diodes.
It is easy to see that inequalities (5.6)-(5.9), as well as the full, unsimplified inequalities (3.11), are invariant under the interchange of the indices A and B, accompanied by reversals of the heat flux and the temperature differential Q → −Q and T → − T. This invariance corresponds to a trivial fact that if the media A and B are interchanged without changing their temperatures, then the heat flux changes its direction.
However, if the heat flux and the temperature differential are reversed without the swap of the media A and B, then conditions (5.6)-(5.9) are not invariant under the reversals of the heat flux and the temperature differential, and the conditions (5.6)-(5.9) are not preserved, unless cos θ A /Q A ≡ cos θ B /Q B , which is only possible for all angles θ A when the materials in A and B are identical, so that R = 0 and, correspondingly, γ = 1.
If materials in A and B are different, then the system is not symmetric with respect to the interchanges Q → −Q, T → − T and the heat transport coefficients in opposite directions
may not be equal, similarly to the case that the electric conductances of bi-material junctions and layered structures depend on the direction. The asymmetry of inequalities (5.6)-(5.9) with respect to simultaneous interchanges T → − T and Q → −Q implies that the heat transport between two domains made from different materials depends on the direction of transport. The attempts to explain this phenomenon, which is usually referred to as 'thermal rectification', attracts considerable attention in the literature, but the theory developed here presents this phenomenon as an inevitable consequence of the wave mechanism of heat transport.
As shown above, heat transfer by waves is asymmetric regardless of the value of the temperature differential T. However, there are significant practical and theoretical differences between the cases of large and small T. If T is large, then the asymmetry of heat transport in different directions is not surprising because material properties may strongly depend on the temperature. For example, it is unreasonable to expect that the rate of heat transport from nearly evaporating water at 99 • C to stone at 1 • C would be equal to the rate of heat transport from stone at 99 • C to nearly freezing water at 1 • C. This exaggerated example illustrates the observation that the asymmetry of heat transport arises in any structure with physical inhomogeneity. Indeed, since in any real material such parameters as mass density ρ, specific heat capacity c p and thermal conductivity κ are temperature dependent, the coefficient α = k/c p ρ in the heat equation (1.1) is also temperature dependent, so that α = α(T). This makes the heat equation (1.1) nonlinear, which implies that the rate of heat transport depends on the direction, [23] . However, if the temperature gradient is small, then the dependence of the material parameters on the temperature may often be ignored and the asymmetry of heat transport becomes less expectable. Nevertheless, in 1936 asymmetry was first observed in copper-copper oxide structures [21] and since then it has been studied in numerous works, as reviewed in [22] . Finally, when the temperature gradient is very small, statistical fluctuations smooth the asymmetry of heat flux.
The above shows that there are three zones of the temperature differential. One zone includes such large T that the temperature dependence of material parameters becomes noticeable, the other extreme zone includes extremely small T for which statistical fluctuations become noticeable, and the middle zone includes such thermal differentials for which the asymmetry of heat transfer is related with the alignment or misalignment of the bands of heat-carrying phonons. This dependence of thermal rectification on the temperature differential is similar to the voltampere characteristics of crystal rectifiers [24] , which should be expected due to the similarity of the models.
The structure of inequalities (5.6)-(5.9) also reveals that the asymmetry of heat transfer between A and B decreases as the materials in A and B become more similar. Indeed, as the properties of the materials converge, the reflection coefficient R(ω, θ A ) between these materials approaches unity, implying that γ → 1. Also the angles θ A and θ B converge to each other, as well as Q A (T) → Q B (T). All of these make (5.6) and (5.8) close to (5.7) and (5.9) with the reversed signs of Q and T.
Another interesting feature of inequalities (5.6)-(5.9) is that their structure makes it possible to predict a qualitative dependence of the heat transport coefficient on the base temperature and on the temperature differential.
If In order to estimate the dependence of the heat transport coefficient on T, we observe that it is involved in the conditions of compatibility (3.11) through the ratio T/T. Therefore, the influence of the temperature differential T = 0.1 K and the median temperature T = 1 K is expected to be comparable to the influence of T = 30 K at the room temperature T = 300 K.
To verify the developed theory, we applied its linearized version to a benchmark problem of heat transport across an interface between helium and copper at temperatures below 3 • K, which are low enough to justify the approximation of lattice vibrations by phonons with the dominant wavelength exceeding the characteristic dimensions of the lattice. The existence of a finite thermal resistance of such an interface was discovered by Kapitsa in the course of his study of superfluidity [9] . Since then the interface thermal resistance is commonly referred to as Kapitsa resistance, and its experimental and theoretical studies have been continuing for more than eight decades.
The results of our computations are plotted by two thick solid lines in figure 9 which also includes experimental and other theoretical data from [25] . To simplify the comparison, we follow [25] and plot the products T 3 /k AB (T) and T 3 /k BA (T) against T on log-log axes scaled as used in [25, fig. 1 ].
We computed the heat flux assuming that the temperature differential between the media is fixed at T = 0.05 K, and the temperature of the cooler medium varies from 0.1 to 3 K. The lower solid line corresponds to the case when the heat flows from copper to helium, and the upper solid line corresponds to the opposite case with the heat flowing from helium to copper. The difference between these two lines confirms the prediction of the asymmetry of interface thermal transport, which is a phenomenon known as thermal rectification.
All other data presented in figure 9 show results of different studies summarized in fig. 1 of the survey [25] . The dotted and dash-dotted curves (a), (b), (c) and (d) correspond to the measurements from [26] [27] [28] [29] , respectively, and the curve (e) shows results of the original Kapitsa experiments [9] . The horizontal dashed lines (f) and (g) correspond to Khalatnikov's acoustic mismatch theory [7] and to the diffuse mismatch theory [30] , respectively. Finally, the third dashed line, running almost horizontally in the middle of the graph, is computed by the method proposed in our first approach to this problem [31, 32] . Our previous study of this problem is similar to the current analysis, but it does not take into account that waves with certain combinations of frequency and direction cannot participate in the heat exchange across the interface.
It is worth noting that although the experimental results are not very consistent and even show 'typical irreproducibility from run to run, even on the same sample', [25] , the measured results have not radically changed in the period from the late 1930s to the late 1980s when the interface resistance was intensively studied by numerous experimental groups throughout the world. The instability of the experimental results is not surprising because the interface thermal resistance is a complex phenomenon affected by many factors, including the purity of the materials, their crystalline structure and the quality of the surfaces, which are difficult to control and reproduce. Nevertheless, the spread of the measured values of the Kapitsa resistance is much less than an order of magnitude and is not nearly sufficient to cover the almost two orders of magnitude of discrepancies between the experimental data and the predictions of previously existing acoustic and diffuse mismatch theories. On the other hand, the approach presented here gives reasonable order-of-magnitude estimates of the measured Kapitsa resistance, as shown in figure 9.
Summary and discussion
The theory of heat transport across nanoscale layered structures developed here follows the acoustic mismatch model [7] and adopts the concept that heat in solids may be carried by quantized mechanical vibrations widely known as phonons, [7] . Then, the present theory adopts two innovative assumptions designed to eliminate some logical gaps of conventional approaches. First, the spectral distribution of phonons is described by the generalization of the Planck Law from systems in thermal equilibrium to systems with a non-vanishing heat flux [8] . Then, the phonons in interacting media are not considered as independent of each other, as is usually done, but they are coupled by the laws of wave propagation to phonons propagating in the entire structure. The formulated assumptions are self-sufficient in the sense that they can be converted by routine analytic arguments to well-defined equations that connect the temperatures on the different sides of a structure that are separated by thin layers or gaps. The obtained equations can be solved either by general algorithms outlined in the end of §3 or by their linearized version, which can be used in cases with a small heat flux. To verify the adequacy of the developed theory, we applied it to a notoriously difficult problem of calculating the Kapitsa thermal resistance between helium and copper in the temperature range 0.1-3 K. The obtained results not only agree with experimental data, but also show the correct trend when the temperature changes. Moreover, the theory and the numerical results show that the heat transport coefficient depends on the direction of the heat flow. This phenomenon, known as thermal rectification, has attracted considerable attention because of its potential applications to thermal management, and a number of explanations for it have emerged. However, in our theory thermal rectification appears naturally, as an inevitable consequence of the interference of heat-carrying phonons, which increases as the contrast between the physical properties of the materials increases. Moreover, in the present theory the interface thermal resistance and the thermal rectification are related with the reduction of the number of phonons that are capable of carrying heat across the structure. This observation is in line with numerous experimental observations that have not yet been explained.
The present theory is not limited to the computations of the Kapitsa thermal resistance between copper and helium at low temperatures. Instead, it can be applied to the analysis of heat transport by any kind of propagating waves governed by the Helmholtz equations, including acoustic phonons considered above, and even optical phonons, whose contribution to heat transport is usually negligible. Thus, in [33] parts of this theory are applied to the analysis of heat radiation across sub-micrometre vacuum gaps, and it provides numerical results in good agreement with experiments. In a follow-up work [34] , these results are extended to the cases of intense radiative heat transport characterized by large temperature differentials typical in head-disc interfaces used in Heat Assistant Magnetic Recording (HAMR). The present theory takes into account effects of wave interference ignored in [33, 34] and makes it possible to improve the results of [33, 34] , as well as to extend them to problems of heat transport by different kinds of waves across different structures with arbitrary temperature differentials and base temperatures. The main challenge of such extensions is related with implementation of algorithms with required accuracy of numerical integration, which is sensitive to the parameters of the problem especially to the temperatures.
Another important feature of the present theory is its ability to provide transparent general explanations of some phenomena which, otherwise, may appear to have been caused by coincidences of microscopic detail of the considered structures.
Thus, the analysis of §4 implies that the heat transport coefficient of a vanishingly thin layer between identical materials diverges to infinity independently of the material properties of the structure and of the type of heat-carrying waves, but a vanishing gap between different materials has a finite thermal conductance. These conclusions confirm a vast number of separate observations, but they are derived from a single assumption that the spectra of heat-carrying waves of any kind are described by the extension of the Planck Law to systems with a nonvanishing heat flux. It is even more striking that this single assumption also implies that thermal rectification is not an exotic anomaly, but is a phenomenon intrinsic to the wave mechanism of heat transfer. Indeed, according to (2.6) the spectra of thermally excited waves in the domains A and B in the presence of the heat flux Q is characterized by the parameters q A and q B defined from expressions (2.9)-(2.11), which are material dependent. Therefore, simultaneous swaps T A ↔ T B and Q ↔ −Q may not symmetrically change the distribution of thermally excited waves in the structure, as would have to be in the absence of thermal rectification.
This study is focused on a simple, idealized model. Thus, we considered the Debye model, which completely ignores the existence of different kinds of waves in solids, their anisotropy, and it models a discrete spectrum of a simple Planck distribution. The interfaces are assumed to be perfectly flat, and the interaction of the wave fields on interfaces is modelled by differential interface conditions, depending on a few material parameters of the media. Such simplifications appear as a reasonable choice for the presentation of the theory because they make it possible to demonstrate the principal features of the method and to capture principal features of the studied phenomena without overshadowing them by technical detail. The extension to more realistic models, such as those with anisotropy, multiple wave modes and imperfections of the boundaries may be included into consideration by incremental developments based on the techniques widely used in other applications of wave theory. Thus, if heat is carried by waves of N different polarizations, it is necessary to consider 4N waves of the type (2.12) and (2.13) with 2N different wave speeds. Interactions of such waves propagating in different domains is described by N(N + 1)/2 reflection coefficients, and the number of the conditions of compatibility of propagating bands increases from two in (3.1) to 2N. At higher temperatures the spectra of phonons may not be determined by Debye's assumption and the spectral function (2.7) must be replaced by a more complex expression, sometimes interpolated from experimental data. However, these complications do not change the structure of the problem and, therefore, can be studied by the method developed here.
All of the above suggests that the developed theory adequately describes heat transport in nanoscale structures by thermally excited waves, and that it is suitable for efficient and accurate numerical implementations.
